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We investigate the behavior of the test ideal of an excellent reduced ring of
prime characteristic under base change. It is shown that if h A → D is a smooth
homomorphism, then τAD = τD, assuming that all residue ﬁelds of A at maximal
ideals are perfect and that formation of the test ideal commutes with localization.
It is also shown that if h Am → D is a ﬁnite ﬂat homomorphism of Gorenstein
normal rings, e´tale in codimension 1, then τAD = τD. More generally, this last result
holds under the assumption that the closed ﬁber of h Am → D is Gorenstein,
provided one knows that the tight closure of zero and the ﬁnitistic tight closure of
zero in the injective hulls of the residue ﬁelds of A and S are equal.  2002 Elsevier
Science
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1. INTRODUCTION
The theory of tight closure, initiated by M. Hochster and C. Huneke
about 15 years ago, has been considerably developed since then. The suc-
cess of this theory lies in the large number of applications to other problems
in commutative algebra and algebraic geometry. For example, it provides
a short proof of the Briançon–Skoda Theorem and captures the obstruc-
tion of a ring to being Cohen–Macaulay [7]. In algebraic geometry, it is
connected both with vanishing theorems and with the study of singularities
[5, 11, 19, 23].
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Tight closure is an operation deﬁned for ideals in commutative Noethe-
rian rings containing a ﬁeld. The deﬁnition is based on reduction to char-
acteristic p and iteration of the Frobenius map. In this paper, we therefore
restrict our attention to the prime characteristic case.
This paper investigates the test ideal of a commutative Noetherian ring
of prime characteristic. By deﬁnition, the test ideal is the ideal of all ele-
ments that multiply the tight closure of every ideal into itself. The test ideal
of a ring R is the unit ideal if and only if all ideals of R are tightly closed.
More generally, it is conjectured that the test ideal deﬁnes the closed locus
of points in Spec R for which the corresponding local ring fails to have all
ideals tightly closed. The difﬁculty in establishing this conjecture is that the
operation of tight closure has not been proved to commute with localiza-
tion. Rings in which all ideals are tightly closed (and whose localizations
also have this property) are called F-regular rings. Thus one may think of
the test ideal as an ideal that conjecturally endows the set of non-F-regular
points of an afﬁne scheme with a natural subscheme structure.
Test ideals have turned out to be important invariants of rings. For
instance, if R is a locally excellent Gorenstein ring of positive characteris-
tic, then R is a direct summand of every module ﬁnite extension if and only
if the test ideal is trivial ([10]). As another example, it is shown in [21] that
for normal local Cohen–Macaulay -Gorenstein rings essentially of ﬁnite
type over a ﬁeld of characteristic zero, the multiplier ideal is a universal test
ideal (see [4] for further information on multiplier ideals). Thus test ideals
are connected to the inherent algebraic properties of local rings, and test
ideals also seem to be connected to fundamental geometric features of the
corresponding schemes.
In [9], Hochster and Huneke study the behavior of F-regularity under
smooth base change and show that F-regularity is preserved under a smooth
change of basis (see Theorem 2.5). In this paper, we reﬁne this result, prov-
ing an analogous theorem for the test ideal (see Theorem 5.1 and (5.2) for
an application of this theorem). We must assume that the formation of the
test ideal commutes with localization, a property that is known to be true
in a number of situations (cf. [14, 17]). An analogous assumption (that the
property that all ideals are tightly closed passes to localizations) can be
viewed as an assumption in the Hochster–Huneke result: They prove that
the property that all ideals are tightly closed is preserved under arbitrary
smooth base change, but only under the assumption that this property is
preserved by localization. In fact, in [9], Hochster and Huneke also con-
sidered the behavior of the test ideal under a smooth base change and
proved a theorem similar to our Theorem 5.1 for complete local rings (see
Theorem 2.4).
Section 6 is devoted to the study of the behavior of test ideals under ﬁnite
ﬂat homomorphisms e´tale in codimension 1, proving that the extension of
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the test ideal is the test ideal of the extension (see Theorem 6.1 for a
precise statement). In this case, we need to assume that the tight closure
and the ﬁnitistic tight closure of zero of the injective hull of a local ring are
the same. Note that this condition implies that test ideals commute with
localization (cf. [14]).
Theorem 6.1 extends [22, Theorem 2.7], where it is proved that
F-regularity is preserved under ﬁnite local homomorphisms which are
e´tale in codimension 1. These results, together with the ones proved in
[21], suggest that test ideals, in normal rings, might be invariants which
only depend on the codimension-1 properties of the rings.
In the last section of our paper we formulate some open questions indi-
cating how their solutions would improve on results already known or
proved here.
For a related study of the behavior of the test ideal under various kinds
of nice ring homomorphisms see [1].
2. PRELIMINARIES AND PRECISE STATEMENT OF RESULTS
All rings appearing in this paper are assumed to be commutative, with
unit 1, and of characteristic p > 0. The letter q will always stand for a
power pe of p, where e ∈ . Next we review some basic facts about tight
closure. For more details we refer the reader to the paper [7].
Given a ring R, we denote by R0 the complement of the union of the
minimal prime ideals of R. If I ⊂ R is an ideal, then Iq	 is the ideal
of R generated by the q = peth powers of the elements of I. We say
that x ∈ R is in the tight closure of I, if there exists an element c ∈ R0
such that cxq ∈ Iq	 for all q = pe 
 0. The tight closure of I is an ideal
denoted by I∗.
A ring in which every ideal is tightly closed is said to be weakly F-regular.
A ring R such that RW is weakly F-regular for every multiplicative system
W is called F-regular. In a regular ring every ideal is tightly closed, hence
any regular ring is F-regular.
We say that c ∈ R0 is a test element (for ideals) if for every ideal I ⊂ R
and all elements x ∈ I∗, we have that cxq ∈ Iq	 for all q. This deﬁnition is
equivalent to the following: An element c ∈ R0 is a test element if for every
ideal I ⊂ R and for all x ∈ I∗ we have cx ∈ I. The test ideal is the ideal
generated by all the test elements in R.
The theory of tight closure and test elements extends to the case of
submodules of a module. For this purpose we will recall the deﬁnition and
some properties of the so-called Peskine-Szpiro functors, Fe, e ∈ .
Consider the ring homomorphism ρe R → R given by the eth power
of the Frobenius homomorphism ρ R → R. Let Re denote R with the
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structure of a right R-module given by the homomorphism ρe and the struc-
ture of a left R-module given by the identity i R→ R. The eth Frobenius
functor, Fe, is a covariant functor from the category of R modules to the
category of Re modules and carries an R-module M to the Re-module
Re ⊗R M . When several rings are involved we will use the notation FeRM
to indicate that the functor is acting on the R-module M .
Given r ′ r ∈ R and m ∈ M , the R-module structure on FeM is such
that r ′r ⊗R m = r ′r ⊗R m. However, note that r ′ ⊗R rm = r ′rq ⊗R m.
In particular, for any ideal I ⊂ R, FeR/I  R/Iq	 as left modules.
There is a canonical map M → FeM which sends m to 1 ⊗R m. We
denote this element by mq. If N is an R-submodule of M , N q	 denotes
KerFeM → FeM/N	, which can also be identiﬁed with ImFeN →
FeM	, which is simply the R-span in FeM of the elements mq where
m ∈ N . Since N q	 depends on the inclusion N → M , it is convenient to
use the notation N q	M . Note that I
q	
R is just the ideal I
q	 deﬁne above under
the natural isomorphism FeR  R.
An element x ∈M is in the tight closure of N in M if there exists c ∈ R0
such that cxq ∈ N q	M for q
 0. The tight closure of N in M is a submodule
of M denoted by N∗M .
We say that c ∈ R0 is a test element (for modules) if for every ﬁnitely
generated module M and every submodule N of M , m ∈ M is in N∗ if
and only if cmq ∈ N q	 for all q 
 0. The test ideal τR of R is the ideal
generated by all test elements. We will denote the test ideal of R by τR.
If R is excellent and reduced then a test element for ideals is also a
test element for modules (cf. [7, 8.6 and Proposition 8.15]). So there is no
confusion in this case as to the meaning of the test ideal.
A natural question is whether test elements exist or not. The following
theorem gives an afﬁrmative answer in this direction.
Theorem 2.1 [9, Theorem 6.2]. Let R be a reduced algebra of ﬁnite type
over an excellent local ring Bmk of characteristic p. Let c ∈ R0 be such
that Rc is F-regular and Gorenstein (e. g., Rc regular). Then c has a power
which is a test element.
In particular, if R is ﬁnitely generated and reduced over an excellent
local ring of characteristic p, any element c ∈ R such that Rc is regular has
a power which is a test element.
When modules are not ﬁnitely generated there is also the notion of ﬁni-
tistic tight closure. If N ⊂ M the ﬁnitistic tight closure of N in M is deﬁned
as
⋃
M ′⊂MM ′ ∩N∗M ′ where the union is taken over the ﬁnitely generated
submodules M ′ of M and it is denoted by N∗fgM . If MaxR denotes the set
of maximal ideals in R, ERm = ERR/m is the injective hull of Rm/mRm,
and ER =
⊕
m∈MaxR ERm , then τR = AnnR0
∗fg
ER
(cf. [7, Proposition 8.23]).
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Remark 2.2 [9, 7.35]. If Amk is a local ring, then τA is the inter-
section of the annihilator of 0∗M as M runs through all A-modules of ﬁnite
length. Moreover, it sufﬁces to letM run through any family of ﬁnite length
essential extensions of k whose union is the injective hull of k.
Remark 2.3. Let us point out here an alternative characterization of test
ideals: A local ring Rm is approximately Gorenstein if for every integer
n > 0 there is an m-primary irreducible ideal In ⊂ R so that In ⊂ mn
(cf. [12]). The sequence of ideals In is called a sequence of small coﬁnite
irreducibles, and it turns out that
ER  lim−→
n
R/In(2.3.1)
As a consequence, by Remark 2.2 and (2.3.1), an element c ∈ R0 is a test
element if and only if for any n > 0, cI∗n ⊂ In. Since every excellent and
reduced local ring is approximately Gorenstein (cf. [12]), this criterion can
be applied to a wide class of rings.
As indicated in the Introduction, test ideals have become an important
ring invariant, so the relation between the test ideal of a ring and its image
by a given homomorphism is an interesting topic for study.
In [9], Hochster and Huneke study the extension of test ideals under
certain classes of homomorphisms, obtaining the following results.
Theorem 2.4 [9, Theorem 7.36]. Let RmK → S nL be a ﬂat
local homomorphism of complete local rings such that L is separable over
K and the closed ﬁber S/mS is regular. Then τS = τRS.
Theorem 2.5 [9, Theorem 7.3]. Let R → S be a ﬂat homomorphism of
Noetherian rings of characteristic p. Suppose that R is F-regular, that S is
excellent, and that R→ S has regular ﬁbers. Then S is F-regular.
From Theorem 2.5 it follows that if R→ S is smooth and R is F-regular,
then S is F-regular (smoothness in this context means ﬂat with geometri-
cally regular ﬁbers). In [3] this result is generalized to the case when R→ S
is a ﬂat homomorphism of F-ﬁnite local reduced rings with Gorenstein F-
rational closed ﬁber.
In Section 5 of this paper we will prove a generalization of Theorem 2.5
when R→ S is a (locally of ﬁnite type) smooth morphism:
Theorem 51 Let h A → D be a (locally of ﬁnite type) smooth homo-
morphism of reduced excellent rings of positive characteristic p. Suppose that
test ideals commute with localization and that for each maximal ideal m ⊂ A,
Am/mAm is a perfect ﬁeld. Then τAD = τD.
To prove this theorem we ﬁrst will treat the free, e´tale, and polynomial
extensions.
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Proposition 31 Let f  A → S be a homomorphism of Noetherian
reduced rings of positive characteristic p, and assume that either A is essen-
tially of ﬁnite type over an excellent local ring or that A is F-ﬁnite. Suppose
that S is a free A-module. Then τS ⊂ τAS.
Theorem 32 Let h A→ S be an e´tale homomorphism of reduced excel-
lent rings of positive characteristic p, and suppose that test ideals commute
with localization. Then τAS = τS .
Theorem 41 Let A be a reduced and excellent ring and consider the
natural homomorphism g A → At	. Assume that for every maximal ideal
m ⊂ A, Am/mAm is a perfect ﬁeld and that test ideals commute with local-
ization. Then τAt	 = τAAt	.
We mention here that Theorem 3.2 follows from Proposition 3.1 and
some of the results that Hochster and Huneke obtained in [9]. However,
to make this paper self contained, we will reproduce those results to give a
complete proof of the e´tale case.
Theorems 3.2, 4.1, and 5.1 are proved under the assumption that test
ideals commute with localization. This is known for reduced excellent local
Gorenstein rings and, more generally, for any reduced local excellent ring
(which is essentially of ﬁnite type over a ﬁeld or over an F-ﬁnite regular
local ring) such that the tight closure of the zero module in the injective
hull at the residue ﬁeld of a maximal ideal is equal to the ﬁnitistic tight
closure (cf. [14]). See also the remark following Theorem 6.1.
In the ﬁnite ﬂat case, we make also the following remark:
Proposition 34 Let f  A→ S be a ﬁnite ﬂat homomorphism of positive
characteristic p and assume that A is semi-local and either essentially of ﬁnite
type over an excellent local ring or F-ﬁnite. Then τS = τAS if and only if
τSn = τASn for all maximal ideals n ⊂ S.
In Section 6 of this paper we consider the case of ﬁnite ﬂat homomor-
phisms which are e´tale in codimension 1:
Theorem 61. Let Am be a reduced excellent local ring of positive
characteristic p, and let f  A → S be a ﬁnite ﬂat homomorphism of normal
rings, e´tale in codimension 1. Assume that 0∗fgEA = 0∗EA and 0
∗fg
ES
= 0∗ES and that
the closed ﬁber, S/mS, is Gorenstein. Then τS = τAS.
Note that Theorem 6.1 is proved under the assumption that 0∗ER = 0
∗fg
ER
for a local ring Rm. This condition is expected to hold for all excel-
lent rings. Right now it is known to hold for -Gorenstein rings (cf. [2])
and for localizations of -graded rings at the unique homogeneous max-
imal ideal (cf. [13]). It also holds for rings with isolated singularities and
for Cohen–Macaulay local rings with an isolated non-Gorenstein point
(see [14]).
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3. E´TALE CHANGE OF BASE
The aim of this section is to prove Theorem 3.2. As a ﬁrst step, we will
prove Proposition 3.1.
Proposition 3.1. Let f  A → S be a homomorphism of Noetherian
reduced rings of positive characteristic p, and assume that either A is essen-
tially of ﬁnite type over an excellent local ring or that A is F-ﬁnite. Suppose
that S is a free A-module. Then τS ⊂ τAS.
Proof. Let eλλ∈# be a basis for S over A, and let c =
∑
λ cλeλ ∈
τS . Let I ⊂ A be an ideal and let z ∈ I∗. Then f z ∈ IS∗ and hence
∑λ cλeλz ∈ IS  I⊕λ Aeλ. As a consequence, cλz ∈ I for every λ ∈ #,
therefore cλ ∈ τA for λ ∈ #, and thus c ∈ τAS.
Theorem 3.2. Let hA→ S be an e´tale homomorphism of reduced excel-
lent rings of positive characteristic p. Suppose that test ideals commute with
localization. Then τAS = τS .
Proof. First we prove that for each maximal ideal n ⊂ S, τSn ⊂
τASn. To do so, we may assume that S is standard e´tale, i.e., that
S = At	/ptht, for some element ht ∈ At	/pt so that p′t
is a unit of S. Then f  A→ S factorizes as
A −→ At	/pt −→ S(3.2.1)
By Theorem 3.1, τAt	/pt ⊂ τAAt	/pt, therefore the proof follows
by assuming that test ideals commute with localization.
As indicated in the previous section, the inclusion τAS ⊂ τS follows from
[9]; however, in order to make this paper self contained, we include here
the complete argument.
First note that we may assume that A is a local ring with maximal ideal
m. Then since f  Am → S is e´tale, ES  EA ⊗A S. Now let Mλλ∈# be
a family of ﬁnitely generated A-modules, so that Mλ ⊂ EA and
EA = lim−→
λ∈#
Mλ
Then
ES  lim−→
λ∈#
Mλ ⊗A S
We will prove that 0∗Mλ ⊗A S  0∗Mλ⊗AS: Let Mλ denote Mλ over 0∗Mλ ,
and let n1     nk be the set of maximal ideals of S. If 0
∗
Mλ⊗AS = 0, then
0∗Mλ⊗ASSni ⊂ 0
∗
Mλ⊗ASni
= 0 for some i ∈ 1     k. So, without lost of
generality, we may assume that 0∗Mλ⊗ASn1
= 0.
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Now, for every q = pe consider the homomorphism
AnnMλ⊗ASn1 n1
βq−→ FeSn1  Mλ ⊗A Sn1
v −→ cvq
(3.2.2)
where c ∈ A is a common test element for A and Sn1 . Since 0∗Mλ⊗ASn1
has ﬁnite length, 0∗Mλ⊗ASn1
∩ AnnMλ⊗ASn1 n1 = 0, and as a consequence
Kerβq = 0. In fact,
0∗Mλ⊗ASn1
= 0 ⇔⋂
q
Kerβq = 0
We may consider similar homomorphisms for Mλ,
AnnMλm
αq−→ FeA Mλ
v −→ cvq
(3.2.3)
and since (0) is tightly closed in Mλ,
⋂
q Kerαq = 0.
Since A → Sn1 is e´tale, by Lemma 3.3 below we have that Kerβq 
Kerαq ⊗A Sn1 , and hence
⋂
q Kerβq = 0, which is a contradiction.
Therefore 0∗Mλ⊗AS  0∗Mλ ⊗A S.
Now, by Remark 2.2,
τS =
⋂
λ
AnnS
(
0∗Mλ⊗AS
) =⋂
λ
AnnS
(
0∗Mλ ⊗A S
)
(3.2.4)
=⋂
λ
[
AnnA
(
0∗Mλ
)⊗A S] ⊃
[⋂
λ
AnnA
(
0∗Mλ
)]⊗A S
= τA ⊗A S
Lemma 3.3 [9, Corollary 7.8]. Suppose that RmK → S nL is a
ﬂat homomorphism of local rings of characteristic p such that MS = n and L
is separable over K. Let V be an R-module killed by m and M an R-module.
Let θ V →M be an Fe linear map. Then KerFeS ⊗R θ  S ⊗R Kerθ.
We end this section by pointing out the following fact about ﬁnite ﬂat
extensions.
Proposition 3.4. Let f  A→ S be a ﬁnite ﬂat homomorphism of positive
characteristic p and assume that A is semi-local and either essentially of ﬁnite
type over an excellent local ring or F-ﬁnite. Then τS = τAS if and only if
τSn = τASn for all maximal ideals n ⊂ S.
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Proof. By Proposition 3.1, τS ⊂ τAS, so if τSSn = τASn for all maximal
ideals n ⊂ S, the equality τS = τAS holds.
Conversely, if τS = τAS then τSSn = τASn. So the proposition is
reduced to proving that
τSn = τSn 
This uses the fact that S has only ﬁnitely many maximal ideals: By [7,
Proposition 8.23],
τS = AnnS
(
0∗fgES
)
=
k⋂
i=1
AnnS
(
0∗fgES/ni
)

where n1     nk are the maximal ideals of S and ES/ni is the injective
hull of the S module S/ni. Hence for j ∈ 1     k,
τSSnj =
(
AnnS
(
0∗fgES
))
Snj =
( k⋂
i=1
AnnS
(
0∗fgES/ni
))
Snj
=
k⋂
i=1
(
AnnS
(
0∗fgES/ni
)
Snj
)
= AnnS
(
0∗fgES/nj
)
Snj 
Now, using the fact that elements of S − nj act invertibly on ES/nj
and all its submodules, we see that it does not matter whether we compute
the tight closure over S or over Snj . Also, the same fact implies that the
annihilator of 0∗fgES/ni commutes with localization. Therefore
AnnS
(
0∗fgES/nj
)
Snj = AnnSnj
(
0∗fgES/nj
)
= τSnj 
4. POLYNOMIAL EXTENSIONS
Theorem 4.1. Let A be a reduced and excellent ring and consider the
natural homomorphism g A → At	. Assume that for every maximal ideal
m ⊂ A, Am/mAm is a perfect ﬁeld and that test ideals commute with local-
ization. The τAt	 = τAAt	.
Proof of Theorem 41. By Proposition 3.1, we already know that τAt	 ⊂
τAAt	. Note that for any maximal ideal m′ ⊂ At	, m′ ∩A = m is a max-
imal ideal in A, so we may replace A with Am and At	 with At	 ⊗A Am,
and hence we can assume that A is local with maximal ideal m. To com-
plete the proof of the theorem, we will prove that for every maximal ideal
m′ ⊂ At	, τAAt	m′ ⊂ τAt	m′ .
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Now, if m′ is a maximal ideal in At	, then m′ = m+ qt, where the
class, qt	, of qt at A/m is an irreducible polynomial. Note also that
g′ A→ At	m′ is a local homomorphism of local rings. We will distinguish
two cases depending on the degree of qt:
• Degqt = 1. In this case we may assume that m′ = m+ t. Let
c ∈ τA. Since A is reduced and excellent, so is At	m′ , and as a consequence
both rings are approximately Gorenstein. Thus, by Remark 2.3, is enough to
prove that there is a sequence of small coﬁnite irreducibles, Jn in At	m′ ,
so that for every n and any element z ∈ J∗n , cz ∈ Jn.
Let In be sequence of small coﬁnite irreducibles in A. Then Jn =
In + tn is a sequence of small coﬁnite irreducibles in At	m′ . Pick z =
z0 + z1t + · · · + zktk ∈ J∗n . We will prove that cz ∈ Jn, and to do so we may
assume that k < n.
Let d ∈ A0 be a common test element for A and At	m′ . Then
dzq = d(zq0 + zq1 tq + · · · + zqktkq) ∈ Jq	n = Iq	n + tnq for q
 0
Since Jn is a homogeneous ideal and k < n, dz
q
i ∈ Iq	n , for q 
 0, and
hence zi ∈ I∗n for i = 0 1     k. Therefore, czi ∈ In, for i = 0 1     k,
and whence cz ∈ Jn.
• Degqt > 1. Since A/m is perfect, the extension A → Ax	/
qx = S is ﬁnite e´tale. Note that S contains an element ρ such that
qt ∈ t − ρ ⊂ St	. Consider the commutative diagram
A −→ At	m+qt
↓ β ↓
S −→ St	m+t−ρ
where β is the composition of the e´tale ﬁnite homomorphism
At	m+qt → S ⊗A At	m+qt with the localization at the maximal
ideal m+ t − ρ. By Theorem 3.2 and the previous case, τASt	m+t−ρ =
τSt	m+t−ρ and, again by Theorem 3.2,
τAt	m+qtSt	m+t−ρ = τSt	m+t−ρ 
By Proposition 3.1 we may consider the exact sequence of At	m+qt-
modules,
0 −→ τAt	m+qt
i−→ τAAt	m+qt −→ Cokeri −→ 0
Now take the tensor product of this exact sequence with St	m+t−ρ and
note that
Cokeri ⊗At	m+qt St	m+t−ρ = 0
88 bravo and smith
Since β is faithfully ﬂat,
τAAt	m+qt/τAt	m+qt = 0
and therefore τAt	m+qt = τAAt	m+qt.
5. SMOOTH CHANGE OF BASE
Theorem 5.1. Let h A → D be a (locally of ﬁnite type) smooth homo-
morphism of reduced excellent rings of positive characteristic p. Suppose that
test ideals commute with localization and that for each maximal ideal m ⊂ A,
Am/mAm is a perfect ﬁeld. Then τAD = τD.
Proof. Since h A → D is a locally of ﬁnite-type smooth homomor-
phism, for any point w ∈ SpecD there is an open afﬁne neighborhood
SpecG ⊂ SpecD with w ∈ SpecG and an open neighborhood
SpecR ⊂ SpecA of the image of w so that the induced homomorphism
hG R −→ G
factors through a ring homomorphism R
g−→ C f−→ G, where:
i. C = Rt1     tk	 and g R → C is the natural ring homomor-
phism.
ii. f  C → G is an e´tale ring homomorphism (cf. [16]).
Theorem 4.1 and an inductive argument show that
τRC = τC
and by Theorem 3.2
τCG = τG
Therefore there exists an open afﬁne covering of SpecD,
SpecDii=1n
and open afﬁne subsets of SpecA,
SpecAii=1n
so that
τAiDi = τDi
for i = 1     n. Now note that
τAiDi = τAAiDi = τADi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Hence,
τDSpecDi = τADi = τADSpecDi
for i = 1     n, thus by [6, Exercise II, 1.22]
τAD = τD
Application 5.2. Let R be an -graded domain generated by its degree-
one elements over a perfect ﬁeld k or, more generally, a section ring of an
ample invertible sheaf  on an irreducible projective variety X = ProjR
(see [20, Sect. 1] for the terminology). Let τR ⊂ R be the test ideal of R and
let τ˜R be the corresponding ideal sheaf on X. Assume that test ideals commute
with localization. Then for every afﬁne set  ⊂ X, τ˜R = τX.
Proof. It is sufﬁcient to prove the statement for basic open afﬁne sets
that  ⊂ X where  trivializes, and by reﬁning the cover if necessary we
may assume that there is a non-zero homogeneous element u ∈ R, so that
 = u = 0. Then
X = Ru−1		0
Now recall that Ru−1	  Xt t−1	 (cf. [20]), therefore the homomor-
phism
X −→ Ru−1	  Xt t−1	
is smooth, and as a consequence of Theorem 5.1,
τXXt t−1	 = τXRu−1	 = τRu−1	 = τRRu−1	
In particular,
τX = τRRu−1		0 = τ˜R
6. THE E´TALE IN CODIMENSION 1 CASE
Our next objective is the study of ﬁnite ﬂat homomorphisms which are
e´tale in codimension 1. By deﬁnition, f  A→ S is a ﬁnite homomorphism
of normal rings e´tale in codimension 1, if for any height-one prime ideal of
S, say Q ⊂ S, the induced homomorphism
AQ∩A −→ SQ
is e´tale.
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To prove the main result of this section (Theorem 6.1) we will assume
that all rings appearing admit a canonical module. For a local ring Rm of
dimension d, a canonical module ωR is any ﬁnitely generated module whose
Matlis dual, HomRωRER, is isomorphic to the top local cohomology
module with support in m, HdmR. If R is not a local ring, we will say that
ωR is a canonical module for R if for each prime ideal p ⊂ R, ωR ⊗R Rp
is a canonical module for Rp (see [8] for the deﬁnition and properties of
canonical modules for not necessarily Cohen–Macaulay rings).
Theorem 6.1. Let Am be a reduced excellent local ring of positive
characteristic p, and let f  Am → S be a ﬁnite ﬂat homomorphism of
normal rings of dimension d, e´tale in codimension 1. Suppose that 0∗fgEA = 0∗EA
and 0∗fgES = 0∗ES and that the closed ﬁber S/mS is Gorenstein. Then τS = τAS.
To prove this theorem we need some auxiliary results. In Lemma 6.2 we
relate the canonical modules of A and S, and this is used in the proof of
Lemma 6.3 where it is stated that FeSES  FeAES. In Remark 6.5 we dis-
cuss the existence of common test elements for A and S, and in Lemma 6.6
we relate 0∗EA to 0
∗
ES
. Finally, the proof of Theorem 6.1 is detailed in 6.7.
Lemma 6.2. Assume that f  Am → S satisﬁes the hypothesis of
Theorem 6.1. Let ωA (resp. ωS) denote a canonical module of A (resp. of
S). Then ωS  ωA ⊗A S both as A-modules and as S-modules.
Proof. Since f  Am → S is ﬁnite ﬂat and the closed ﬁber S/mS is
Gorenstein, for each maximal ideal ni ⊂ S,
ESni
 EA ⊗A Sni
(cf. [9, Lemma 7.10]), and therefore
ES  EA ⊗A S
By [8, Remark 2.2(i, 1)], to see that ωA ⊗A S is a canonical module for S
it is enough to observe that for each maximal ideal ni of S,
HomSni ωA ⊗A Sni  ESni   HomSni ωA ⊗A Sni  EA ⊗A Sni
 HomAωAEA ⊗A Sni
 HdmA ⊗A Sni  HdniSni
Lemma 6.3. Assume that f  Am → S satisﬁes the hypothesis of
Theorem 6.1. Then FeSES  FeAEA ⊗A S both as A-modules and as
S-modules.
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Proof. Since f  A→ S is ﬁnite and e´tale in codimension 1, the map
Ae ⊗A ωA ⊗A S −→ Se ⊗S ωA ⊗A S(6.3.1)
is an isomorphism after localizing at a prime ideal of height 1 of A (see
[7, 6.3] for the behavior of the Frobenius action under ﬁnite e´tale exten-
sions). So the dimension of the kernel and the cokernel of this map is less
than d − 1 and as a consequence
HdmAe ⊗A ωA ⊗A S  HdmSe ⊗S ωA ⊗A S(6.3.2)
But
HdmAe ⊗A ωA ⊗A S  Ae ⊗A HdmωA ⊗A S(6.3.3)
 Ae ⊗A EA ⊗A S
and
HdmSe ⊗S ωA ⊗A S  Se ⊗S HdmωA ⊗A S  Se ⊗S ES(6.3.4)
Remark 6.4. If f  Am → S is a ﬁnite ﬂat morphism, then S is a
free A-module and we can choose a basis ell=1k of S over A so
that S  ⊕kl=1Ael as an A-module. Now for j = 1     k consider the
A-homomorphisms
gj EA −→ ES  EA ⊗A S  EA ⊗A
( k⊕
l=1
Ael
)

α −→ α⊗A ej
(6.4.1)
and if f  Am → S is as in Theorem 6.1, the homomorphisms
hj FeAEA −→ FeSES  FeAEA ⊗A S  FeAEA ⊗A
( k⊕
l=1
Ael
)

t∑
i=1
ai ⊗A αi −→
t∑
i=1
ai ⊗A αi ⊗A ej
(6.4.2)
By construction all these maps split and hence all of them are injective.
Note also that any element γ ∈ ES  EA ⊗A S can be expressed as a sum
of the form γ =∑kl=1 αl ⊗A el where αl ∈ EA for l = 1     k.
Remark 6.5. If Am is a reduced and excellent local ring of positive
characteristic p and f  A → S is e´tale in codimension 1, then there exists
a common test element for A and S: By localizing at a suitable element
b ∈ A we may assume that the induced homomorphism fb Ab → Sb is
e´tale. Now, for any element a ∈ A such that Aba is regular, Sba is regular
too, and by Theorem 2.1 we can ﬁnd a power of ba which is a test element
for both A and S.
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Lemma 6.6. Suppose that f  Am → S satisﬁes the hypothesis of
Theorem 6.1, then 0∗ES = 0∗EA ⊗A S, under the natural identiﬁcation of ES
with EA ⊗A S stated in the proof of Lemma 6.2.
Proof. Let β ∈ 0∗EA ⊗A S. Then β =
∑t
j=1 αj ⊗A sj , with αj ∈ 0∗EA and
sj ∈ S for j = 1     t. Let c ∈ A0 be a common test element for A and S
(see Remark 6.5). Then
c ⊗A αj = 0 ∈ FeAEA for e
 0(6.6.1)
Thus,
c ⊗A β = c ⊗A
( t∑
j=1
αj ⊗A sj
)
=
t∑
j=1
c ⊗A αj ⊗A sj(6.6.2)
= 0 ∈ FeSES for e
 0
So β ∈ 0∗ES .
Now we will prove that 0∗ES ⊂ 0∗EA ⊗A S. Pick an element η ∈ 0∗ES . By
Remark 6.4 we can assume that η =∑kl=1 δl ⊗A el, with δl ∈ EA. We want
to prove that δl ∈ 0∗EA for l = 1     k.
Once more let c ∈ A0 be a common test element for A and S. Then
c ⊗S η = 0 ∈ FeSES for e
 0, and by Lemma 6.3 this means that
c ⊗A η = c ⊗A δ1 ⊗A e1 + · · · + δk ⊗A ek
= c ⊗A δ1 ⊗A e1 + · · · + c ⊗A δk ⊗A ek
= 0 ∈ FeAEA ⊗A S for e
 0
But this sum is equal to zero if and only if c ⊗A δl ⊗A el = 0 ∈
FeAEA ⊗A S for e 
 0 and l = 1     k. By Remark 6.4 this is so if
and only if c ⊗A δl = 0 ∈ FeAEA for e 
 0; i.e., if and only if δl ∈ 0∗EA
for l = 1     k. Hence η = ∑kl=1 δl ⊗A el with δl ∈ 0∗EA , and therefore
η ∈ 0∗EA ⊗A S and 0∗ES ⊂ 0∗EA ⊗A S.
67 Proof of Theorem 61 By Proposition 3.1, we already have the
inclusion τS ⊂ τAS. The other inclusion follows from Lemma 6.6, because
τA ⊗A S = AnnA0∗EA ⊗A S ⊂ AnnS0∗EA ⊗A S = AnnS0∗ES = τS
Remark 6.8. Our argument shows that for the ideal τ˜R = AnnR0∗ER
introduced in [14], we have that if Am is a reduced excellent local ring
of positive characteristic p admitting a canonical module, and if A→ S is
a ﬁnite ﬂat homomorphism of normal rings, e´tale in codimension 1 with
closed Gorenstein ﬁber, then
τ˜S = τ˜AS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7. SOME OPEN QUESTIONS
The behavior of the test ideal under ﬂat homomorphisms it is still not
completely understood. Of course, given an arbitrary ﬂat ring homomor-
phism f  A→ S, we cannot expect that the test ideal of A extends to the
test ideal of S, as can be seen in the following example.
Example 7.1. Let A = kx y	, where k is a ﬁeld of positive char-
acteristic p = 3, and let S = kx y z	/x3 + y3 + z3. Then A → S is
a ﬁnite ﬂat homomorphism. Since A is regular, τA = A; however, note
that x2 ∈ y z∗, but x ∈ y z, which means that τS is proper. In fact,
τS = x y z, so τAS = τS (cf. [15, 18]).
But note that in this case Proposition 3.1 still holds. Thus, a natu-
ral question is: Given a ﬂat homomorphism f  A → S, is it always true
that τS ⊂ τAS? During the preparation of this paper, F. Enescu (per-
sonal communication) pointed out to us that this inclusion holds if A is
complete (the result follows from the fact that τS ⊂
⋂
I⊂AIS  IS∗ ⊂⋂
I⊂AI  I∗S	 = 
⋂
I⊂AI  I∗	S = τAS—note that the ﬁrst equality
holds because A is complete and hence S is ∩-ﬂat; cf. [9, p. 41]).
When Am → S n is a ﬂat homomorphism of local rings, the closed
ﬁber S/mS is regular, S/n is separable over A/m, 0∗fgEA = 0∗EA , and 0
∗fg
ES
=
0∗ES ; then we can prove that τA ⊗A S = τS .
Sketch of the Proof. The inclusion τAS ⊂ τS follows from the argument
that Hochster and Huneke give in the proof of [9, Theorem 7.36]. By [14,
Theorem 2.3], τAÂ = τÂ and τSŜ = τŜ . Once more by [9, Theorem 7.36],
τÂŜ = τŜ . Hence the result follows from faithful ﬂatness.
This fact illustrates one more consequence of the conjecture that for any
prime ideal p in an excellent ring A, 0∗fgEAp = 0
∗
EAp
.
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